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ABSTRACT
Due to unbalanced speed-density observations, the 
one-regime traffic fundamental diagram and speed-den-
sity relationship models using least square method (LSM) 
cannot reflect actual conditions under congested/jam traf-
fic. In that case, it is inevitable to adopt the weighted least 
square method (WLSM). This paper used freeway Georgia 
State Route 400 observation data and proposed 5 weight 
determination methods except the LSM to analyse 5 well-
known one-regime speed-density models to determine the 
best calibrating models. The results indicated that different 
one-regime speed-density models have different best cali-
brating models, for Greenberg, it was possible to find a spe-
cific weight using LSM, which is similar for Underwood and 
Northwestern Models, but different for that one known as 
3PL model. An interesting case is the Newell's Model which 
fits well with two distinct calibration weights. This paper can 
make contribution to calibrating a more precise traffic fun-
damental diagram.
KEY WORDS
fundamental diagram; Weighted Least Square Method; ob-
servation weight; speed-density relationship;
1. INTRODUCTION
The speed and density relationship determines the 
traffic fundamental diagram [1-3], so it is extremely 
important to analyse the speed and density relation-
ship and this has received much attention within the 
past few decades. Several models including single-re-
gime and multiple-regime ones were proposed by re-
searchers. Greenshields et al. [4] according to limited 
observations established the over-simplified linear 
model; Greenberg [5] developed a model by treating 
the traffic stream as a continuous fluid and the mod-
el turned out to be suitable for the traffic flow theory; 
Underwood thought that the exponential relationship 
between the negative density and speed could be used 
in free-flow conditions and the Northwestern Model is 
similar but a little more complicated than the Under-
wood model [6]; Newell [7] considered the non-linear 
effects in the dynamics of car following and obtained 
a special model; Wang et al. [8] developed the logistic 
model of speed-density relationship motivated by the 
success of the generalized logistic curves in modelling 
the growth pattern phenomenon such as population 
dynamics, plant growth in agriculture, epidemic growth 
in biology, and market growth in economics. Besides, 
some multiple-regime models were also developed by 
Edie [9], Sun and Zhou [10], etc. Though multiple-re-
gime models are more accurate than single-regime 
ones, they are not suggested to be used because of 
lack of mathematical elegance. Table 1 lists five well-
known single-regime models, each with equal to or 
less than three parameters [11].
Almost all the researchers calibrated the parame-
ters of the single-regime models using the least square 
method (LSM) and Qu et al. [11] verified that there is 
deficiency of the least square method because of the 
unbalanced distribution of the observations in the 
light-traffic/free-flow conditions and congested/jam 
conditions. Then, the weighted least square method 
(WLSM) calibrating the single-regime models and one 
weight determination method were proposed.
However, is the only weight determination method 
proposed by Qu et al. [11] the best one? Are there any 
other better weight determination methods? Then, 
the main objective of this paper is to determine the 
suitable weight of WLSM to calibrate well the single-re-
gime models.
The  paper is organized as follows. The WLSM 
and methods of weight determination are provided in 
Section 2. The observation data information is 
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provided in Section 3. Section 4 presents the calibrat-
ing results with five weight determination methods and 
discusses the applicability of these methods. Finally, 
the conclusion is presented in Section 5.
2. METHODOLOGY
2.1 Weighted least square method
Since there is unbalanced distribution of the ob-
servations in the light-traffic/free-flow conditions 
and congested/jam conditions, the weighted least 
square method (WLSM) was proposed to calibrate 
the speed-density model parameters [11]. WLSM 
has been widely used in many fields by researchers: 
e.g. Veraart et al. used WLSM to estimate the diffu-
sion MRI parameters [12]; Zhuang et al. proposed an 
improved meshless Shephard and WLSM possessing 
the delta property [13]; Fang did a complete analysis 
of the WLSM problem considering fixed and random 
parameters [14]; Mahboub and Sharifi developed a 
WLSM with linear and quadratic constraints [15]; Ciuc-
ci adopted WLSM to revisit parameter identification in 
electrochemical impedance spectroscopy [16]; Wang 
et al. used WLSM to make Multi-Gaussian fitting for 
pulse waveform [17]; Khatibinia et al. assessed seis-
mic reliability of RC structures including soil–struc-
ture interaction using WLSM [18]; Parrish et al. used 
WLSM to analyse the acceleration of coupled cluster 
singles and doubles [19]; Stanley and Doucouliagos 
did WLSM meta-analysis for neither fixed nor random 
conditions [20]; and Einemo and So used WLSM for 
target localization in distributed MIMO radar [21].
Considering the n speed-density data points 
(k1,v1),(k2,v2),…,(kn,vn) and one single-regime model 
function v=f(k,b), where b is an m-dimensional vector 
of parameters to be calibrated. To obtain the values of 
b based on WLSM, the sum of weighted squared errors 
are minimized mathematically as shown in Equation 1.
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Since the single-regime model v=f(k,b) is continuously 
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Then, the values of b can be computed if each wi 
is known.
2.2 Weight determination methods
One weight determination method proposed by Qu 
et al. [11] is as follows.
Step 1: Rank the speed-density observations consider-
ing their densities. Data points become
( , ), ( , ), , ( , ), , ( , )v k v k v k v ki i n n1 1 2 2 f f  (3)
where, k1≤k2≤…≤ki≤…≤kn and vi is the corresponding 
speed.
Step 2: Let η denote the maximum index i that equals 
the same density as k1, that is,
, , ,max i n k k1 2 i 1fh = = =" ,  (4)
Then,







Step 3: Let ξ=η+1. Let η denote the maximum index i 
that equals the same density as kξ, that is,
, , , ,max i n k k1 2 ifh p p p= = + + = p" ,  (6)
If ξ<n, then,
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and repeat Step 3. Else,
, , , , ,w n
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and stop.
Table 1 – Five well-known single-regime speed-density models
Models Function Parameters
Greenberg [5] ( )/lnv v k kj0= v0, kj
Underwood [6] ( )/expv v k kf 0= - vf, k0
Northwestern [6] . /expv v k k0 5f 0 2= - ^ h6 @ vf, k0
Newell [7] / / /expv v v k k1 1 1f f jh= - - -^ ^h h" ,6 @ vf, kj, η
Three-parameter logistic (3PL)model[8] / /expv v k k1f 0 p= + -^ h6 @" , vf, k0, p
Note: v - speed (the dependent variable); vf - free-flow speed; v0 - at-capacity speed; k - density (the independent variable); kj - jam density;  
k0 - at-capacity density; η, ξ - coefficients
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However, the optimum weight might not be as 
shown above. Other four methods are proposed by 
this paper; the steps are the same as the above except 
Equations 5a, 7a and 8a. Those are:
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The reason why the above weight determination 
methods are selected is that they reflect different 
relationship between the weight and density inter-
val and they can simply represent much complicated 
conditions. The specific shape of these five weight de-
termination methods is intuitively shown in Figure 1, 
which reflects the different characteristics of these five 
weight determination methods. Then, these five weight 
determination methods and LSM are used to calibrate 
















Figure 1 – Weight and density interval relationship of five 
weight determination methods
2.3 Relative error (RE) and root mean square 
error (RMSE)
To validate which method is suitable to calibrate 
the speed-density model accurately, relative error 
(RE) [11] and root mean square error (RMSE) [22] are 












RMSE n v v
1
i i
2= -^ hU  (10)
where vi is the actual speed of observation i and v iU  
is the predicted speed of the calibrated model for ob-
servation i.
3. OBSERVATION DATA INFORMATION
The original Georgia State Route 400 (GA400) ITS 
data were aggregated every 5 minutes, which were of-
ten used to generate the fundamental diagrams [8]. 
GA400 is a controlled-access state highway in the 
northern part of the US state of Georgia and the data 
were collected from a section with four lanes for one 
direction. One-year 44,787 continuous observations 
were obtained in 2003, out of which the time inter-
val is long enough to calibrate the speed-density mod-
els. The specific distribution of these data is shown in 
Figure 2 and in Table 2 and the unbalanced distribution 
of observation distribution can be easily seen.
Table 2 – Frequencies of GA400 speed-density data
Density [veh/km] 0-10 10-20 20-30 30-40 40-50 50-60 60-70
Frequencies 9,333 29,329 2,665 1,105 827 529 346
Density [veh/km] 70-80 80-90 90-100 100-110 110-120 120-130 130-140
Frequencies 268 173 136 48 21 6 1
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Figure 2 – Data distribution of GA400
4. RESULTS AND DISCUSSION
The calibrating results of five well-known single-re-
gime models with five weight determination methods 
and LSM are shown in Figure 3 and Table 3.
From Figure 3, it is obvious that five calibrating mod-
els using LSM can reflect the speed-density relation-
ship under the light-traffic/free-flow traffic (when the 
density is less than 30 veh/km). However, all models 
with LSM cannot reflect the speed-density relation-
ship under congested/jam conditions (when the den-
sity is more than 60 veh/km), except the Underwood 
Model. Then, the five calibrating models using WLSM 
with five different weight determination methods can 
reflect the speed-density relationship better, especial-
ly under congested/jam conditions. In order to make 
sure which weight determination method is the best, 
the RE and RMSE of five models under five weight 
determination methods and LSM are obtained in 
Figure 4 and Figure 5, respectively.
From Figure 4 and Figure 5, for Greenberg [5] Mod-
el, the calibrating model using LSM is not suitable 
because of the large values of RE and RMSE under 
congested/jam conditions, and the other five cali-
brating models are better under congested/jam con-
ditions, especially the two calibrating models with 
weights w2 and w3. However, the two models cannot 
indicate the precise relationship between the speed 
and density under light-traffic/free-flow traffic; REs 
and RMSEs are over 0.3 and 30, respectively, when 
the density is less than 30 veh/km. The other three 
calibrating models are similar and they can all reflect 
the speed-density relationship; the REs and RMSEs of 
the three calibrating models are all below 0.2 and 20, 
respectively, when the density is less than 30 veh/km, 
and under congested/jam conditions they are all prior 
to the model using LSM. By comparison, the calibrat-
ing model with weight w1 is better than the other two 
models overall and it is the best model to determinate 
the speed-density relationship.
For Underwood Model [6], the calibrating model 
using LSM cannot also reflect the precise speed-den-
sity relationship under congested conditions, and the 
other five calibrating models are better when the den-
sity is more than 40 veh/km, except when the density 
is more than 100 veh/km, which might be due to the 
fewer points with only 76 observations. Though the two 
calibrating models with weights w2 and w3 can reflect 
the speed-density relationship precisely under con-
gested/jam conditions, they cannot reflect the relation-
ship under light-traffic/free-flow traffic, and REs and 
RMSEs of the two models are more than 0.3 and 25, 
respectively, when the density is less than 30 veh/km. 
The other three calibrating models with weights 
w1, w1/3 and w1/2 are similar and all can reflect the 
Table 3 – Calibrating values of parameters of five well-known single-regime models with different weights
w0 w1 w1/3 w1/2 w2 w3
( )/lnv v k kj0=
v0=30.88 v0=35.50 v0=36.01 v0= 37.17 v0=22.34 v0=14.95
kj=291.0 kj=148.8 kj= 173.5 kj=154.2 kj=197.9 kj=242.7
( )/expv v k kf 0= -
vf=129.3 vf=129.6 vf=132.1 vf=132.7 vf=80.25 vf=47.15
k0=47.60 k0=40.24 k0=42.40 k0=40.88 k0=60.03 k0=80.22
. /expv v k k0 5f 0 2= - ^ h6 @ vf=109.5 vf=100.5 vf=108.7 vf=107.9 vf=36.15 vf=20.97k0=31.06 k0=35.44 k0=31.43 k0=31.88 k0=79.01 k0=102.3
/ / /expv v v k k1 1 1f f jh= - - -^ ^h h" ,6 @
vf=106.8 vf=112.1 vf=108.2 vf=109.0 vf=118.3 vf=124.2
η=4,573 η=3,131 η=4,110 η=3,863 η=2,289 η=2,076
kj=98.36 kj=174.5 kj=113.3 kj=123.7 kj=287.0 kj=329.9




- -k0=33.10 k0=28.28 k0=22.39
p =14.40 p =18.48 p =21.59
For Wang et al. [8] 3PL Model, the calibrating values of parameters with significance 0.05 under weights w1, w2 and w3 cannot be 
obtained through calculation, so only w0, w1/3 and w1/2 are indicated in Table 3.
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e) Wang et al. [8] 3PL Model





Figure 3 – Calibrating results of different models with different weights 
Notes: w0 means LSM, w1 means the weight determination method of Equations 5a, 7a and 8a, w1/3 means that of Equations 5b, 7b and 
8b, etc. For Wang et al. [8] 3PL Model, the calibrating values of parameters with significance 0.05 under weights w1, w2 and w3 cannot be 
obtained through calculation, so only w0, w1/3 and w1/2 are indicated in Figure 3e.
speed-density relationship; REs and RMSEs of the 
three calibrating models are all below 0.35 and 13, re-
spectively, both under congested/jam conditions and 
light-traffic/free-flow traffic. By comparison, the cali-
brating model with weight w1 is better than the other 
two models overall and it is the best model to determi-
nate the speed-density relationship.
For Northwestern Model [6], the calibrating model 
using LSM is not suitable because of large values of 
RE and RMSE under congested/jam conditions, and 
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Figure 4 – REs of five calibrating models under different conditions
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Figure 5 – RMSEs of five calibrating models under different conditions
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the other five calibrating models are better when the 
density is more than 60 veh/km. The two calibrat-
ing models with weights w2 and w3 can reflect the 
speed-density relationship precisely when the density 
is more than 70 veh/km while the two models cannot 
reflect the relationship under light-traffic/free-flow traf-
fic and REs and RMSEs of the two models are more 
than 0.5 and 45, respectively, when the density is less 
than 30 veh/km. The two models with weights w1/3 
and w1/2 are very similar with the model using LSM, 
which cannot all reflect the speed-density precisely. As 
for the calibrating model with weight w1, it can reflect 
the speed-density relationship precisely overall and it 
is the best model to determinate the speed-density re-
lationship.
For Newell [7] Model, the calibrating model using 
LSM cannot also reflect the precise speed-density rela-
tionship under congested/jam conditions, and the oth-
er five calibrating models are better when the density is 
more than 70 veh/km. The two calibrating models with 
weights w1/3 and w1/2 cannot reflect the speed-density 
relationship more precisely than the calibrating model 
with weight w1 as a whole, especially when the density 
is more than 80 veh/km. Besides, the calibrating mod-
el with weight w3 is not as precise as the calibrating 
model with weight w2, especially when the density is 
less than 50 veh/km. As for the two calibrating mod-
els with weighs w2 and w1, they can both reflect the 
speed-density relationship precisely overall and they 
both are the best calibrating models. If the speed-den-
sity relationship under congested/jam conditions is 
stressed, the calibrating model with weight w2 is the 
best one; on the contrary, if the relationship is under 
light-traffic/free-flow traffic, the calibrating model with 
weight w1 is the best one.
For Wang et al. [8] 3PL Model, though the above 
calibrating models with weight w1 are almost the best 
calibrating models, the calibrating Wang et al. [8] 3PL 
Model with weight w1 with significance 0.05 cannot 
be obtained according to calculation, nor are the two 
calibrating models with weights w2 and w3. For these 
calibrating models with LSM, weights w1/3 and w1/2, 
are all similar, especially when the density is less than 
50 veh/km. However, the two calibrating models with 
weighs w1/3 and w1/2 are significantly better than the 
one with LSM when the density is more than 50 veh/
km. Finally, by comparison, the calibrating model with 
weight w1/2 is the best one.
The reason why different speed-density models 
have different best weight determination methods is 
that different speed-density models can reflect the 
speed-density relationship precisely under different 
conditions. All these models can indicate the specific 
speed-density relationship using LSM under light-traf-
fic/free-flow traffic, but under congested/jam condi-
tions, the precision is low. However, the lower precision 
of these models is not all when the density values are 
very large. For the Underwood Model, the density of 
the lowest precision of calibrating model using LSM 
in terms of RE is between 60 veh/km and 70 veh/km; 
for the Newell [7] Model, the density of lower precision 
of calibrating models using LSM in terms of RMSEs is 
between 30 veh/km and 40 veh/km, and more than 
90 veh/km; for Wang et al. [8] 3PL Model, the densi-
ty of the lowest precision of calibrating models using 
LSM in terms of RMSE is between 80 veh/km and 90 
veh/km. Different weight determination methods can 
change these conditions, for Underwood Model, the 
density of the lowest precision of calibrating model 
with weight w3 in terms of RE is between 10 veh/km 
and 20 veh/km; for the Newell [7] Model, the densi-
ty of lower precision of calibrating models with weight 
w3 in terms of RMSEs is between 20 veh/km and 30 
veh/km; for Wang et al. [8] 3PL Model, the density of 
the lowest precision of calibrating models with weight 
w1/3 in terms of RMSE is between 30 veh/km and 40 
veh/km. Then, according to both REs and RMSEs un-
der different conditions, the different best observation 
weight method is determined.
5. CONCLUSION
This paper creatively analysed five well-known sin-
gle-regime speed-density relationship models with five 
weight determination methods and LSM to use REs 
and RMSEs to find the best calibrating models. The 
results indicated that different models have different 
best calibrating models, for the Greenberg [5] Model, 
the calibrating model with weight w1 is the best one, 
so are Underwood Model and Northwestern Model; 
for the Newell [7] Model, both calibrating models with 
weights w1 and w2 are the best ones; for Wang et al. 
[8] 3PL Model, the best one is the calibrating model 
with weight w1/2, of which the calibrating models with 
weights w2 and w3 cannot be computed.
This paper has confirmed that the calibrating 
models using LSM cannot reflect the speed-density 
relationship under congested/jam conditions and the 
results indicated that different speed-density models 
need to use different weight determination methods 
and not the weight w1 only. Then the more precise traf-
fic fundamental diagram can be determined.
However, this paper only analysed the one-regime 
models, and the multi-regime models may not precise-
ly reflect the speed-density relationship under certain 
conditions. In that case, the related studies should 
also be done on calibrating multi-regime models.
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